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Abstract
A commutative ring R has Property (A) if every finitely generated ideal of R consisting entirely of zero-
divisors has a nonzero annihilator. We continue in this paper the study of rings with Property (A). We extend
Property (A) to noncommutative rings, and study such rings. Moreover, we study several extensions of rings
with Property (A) including matrix rings, polynomial rings, power series rings and classical quotient rings.
Finally, we characterize when the space of minimal prime ideals of rings with Property (A) is compact.
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One of important properties of commutative Noetherian rings is that the annihilator of an
ideal I consisting entirely of zero-divisors is nonzero [12, p. 56]. However, this result fails for
some non-Noetherian rings, even if the ideal I is finitely generated [12, p. 63]. Huckaba and
Keller [10] introduced the following: a commutative ring R has Property (A) if every finitely
generated ideal of R consisting entirely of zero-divisors has a nonzero annihilator. Property (A)
was originally studied by Quentel [24]. Quentel used the term Condition (C) for Property (A).
The class of commutative rings with Property (A) is quite large. For example, Noetherian rings
[12, p. 56], rings whose prime ideals are maximal [5], the polynomial ring R[x] and rings whose
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C.Y. Hong et al. / Journal of Algebra 315 (2007) 612–628 613classical ring of quotients are von Neumann regular [5], are examples of rings with Property (A).
Using Property (A), Hinkle and Huckaba [6] extend the concept Kronecker function rings from
integral domains to rings with zero divisors. Many authors have studied commutative rings with
Property (A) ([2, 5, 9, 10, 19, 20, 24], etc.), and have obtained several results which are useful
studying commutative rings with zero-divisors. Property (A) is closely connected with another
annihilator condition. Lucas [19] introduced the following: a commutative ring R has the annihi-
lator condition (briefly, (a.c.)) if for each finitely generated ideal I of R, there exists an element
b ∈ R with the annihilator of I equals to the annihilator of b. Rings with (a.c.) were originally
introduced by Henriksen and Jerison [5] for reduced rings. The ring R[x] over a reduced ring R
[10], Bezout ring (finitely generated ideals are principal) and many other important commutative
rings also have (a.c.) [19]. Property (A) and (a.c.) are equivalent conditions on a reduced ring
whose space of minimal prime ideals is compact [10]. However, these two conditions are not
equivalent in general [19]. Recently, Lucas [20] also studied the zero-divisor graph of rings with
Property (A).
We continue in this paper the study of rings with Property (A). We extend Property (A) to
noncommutative rings, and study such rings. Moreover, we study several extensions of rings
with Property (A) including matrix rings, polynomial rings and classical quotient rings. Finally,
we characterize when the space of minimal prime ideals of rings with Property (A) is compact.
Throughout this paper, R denotes an associative ring with identity. We write Zl(R), Zr(R)
and P(R) for the set of all left zero-divisors of R, the set of all right zero-divisors of R and the
prime radical of R, respectively. For a nonempty subset S of R, R(S) and rR(S) denote the left
annihilator and the right annihilator of a nonempty subset S of R, respectively.
1. Rings with Property (A)
We begin with the following definition.
Definition 1.1. We say that a ring R has right (left) Property (A) if for every finitely gener-
ated two-sided ideal I ⊆ Zl(R) (Zr(R)), there exists nonzero a ∈ R (b ∈ R) such that Ia = 0
(bI = 0). A ring R is said to have Property (A) if R has right and left Property (A).
We note that if a prime ring R has a nonzero ideal I such that I ⊆ Zl(R) (Zr(R)) then R does
not have Property (A) because IrR(I ) = 0 (R(I )I = 0) and so rR(I ) = 0 (R(I ) = 0). Note that
there exists a prime ring with a nonzero ideal I such that 0 = I ⊆ Zl(R) [16, p. 178]. However,
if an arbitrary ring (in particular, a prime ring) has no nonzero ideals contained in Zl(R) (or
Zr(R)) then R has Property (A). For example, the n-by-n full matrix ring over a field F is a
simple prime ring, and so it has Property (A).
The following example shows that Property (A) is not left–right symmetric.
Example 1.2. Let Z2 be the ring of integers modulo 2 and let L = Z2[x]/(x2). If δ denotes the
image of x in L, then L = Z2 ⊕ Z2δ with δ2 = 0. Now consider the ring R =
(
L/Z2δ L/Z2δ
0 L
)
.
Let eij be the usual matrix units, and let I be a nontrivial two-sided ideal. If I (δe22) = 0, then I
contains an element of the form
(
a b
0 1
)
or
(
a b
0 1+δ
)
. Multiplying this element on the left by e22 or
(1 + δ)e22 (respectively) shows that e22 ∈ I . But then e12 = e12e22 ∈ I . Since I is nontrivial, we
have that I = ( 0 L/Z2δ0 L ). Thus e12 annihilates I on the right. This shows R has right Property (A).
We claim that R does not have left Property (A). Consider the ideal ( 0 L/Z2δ0 L ) of R con-
tained in Zr(R). Suppose that
(
a b
0 c+dδ
)( 0 L/Z2δ ) = O . Then ( a b0 c+dδ )( 0 0 ) = O and so b = 0,0 L 0 1
614 C.Y. Hong et al. / Journal of Algebra 315 (2007) 612–628c+ dδ = 0. Also ( a 00 0 )( 0 10 0 )= O and so a = 0. Hence ( a b0 c+dδ )= O . Therefore R does not have
left Property (A).
Proposition 1.3. A direct product S =∏i∈J Ri for some indexing set J has right Property (A) if
and only if Ri has right Property (A) for each i.
Proof. Suppose each Ri has Property (A). Let I =∑nj=1 S〈aji〉S ⊆ Zl(S) be a finitely gen-
erated ideal of S, where 〈aji〉 ∈ S for each j , and aji ∈ Ri for each i ∈ J . Then note that
Ii0 =
∑n
j=1 Ri0aji0Ri0 ⊆ Zl(Ri0) for some i0 ∈ J . Since Ri0 has right Property (A), there ex-
ists nonzero αi0 ∈ Ri0 such that Ii0αi0 = 0 in Ri0 . Let α be the sequence which equals αi0 in the
i0 spot, and zero elsewhere. Then α is nonzero in S such that Iα = 0 in S. Therefore S has right
Property (A).
Conversely, let Ii = ∑nt=1 RiatiRi ⊆ Zl(Ri) be a finitely generated ideal of Ri , for some
i ∈ J . Let K =∏j∈J Kj , where Ki = Ii and Kj = Rj for j = i. Then K is a finitely generated
ideal of S, and K ⊆ Zl(S) since Ii ⊆ Zl(R). Since S has right Property (A), there exists a nonzero
sequence δ = 〈dj 〉 ∈ S such that Kδ = 0. Since Kj = Rj for j = i, dj = 0 in Rj . Since δ is a
nonzero sequence, di = 0 in Ri . Moreover, Iidi = 0 and therefore Ri has right Property (A). 
In the commutative ring case, a reduced ring needs not to have Property (A) in general [19,
Example 3.12], however a Noetherian ring has Property (A) [12, Theorem 82]. But the following
example shows that there exists a noncommutative Noetherian ring which has neither right nor
left Property (A).
Example 1.4. Consider the ring R = ( F F0 F ), where F is an arbitrary field. Then R is left and
right Noetherian. But R has neither left nor right Property (A). In fact, consider the two finitely
generated ideals I = ( F F0 0 ) and J = ( 0 F0 F ) of R. Then I ⊆ Zl(R) and J ⊆ Zr(R). But there do
not exist nonzero a, b ∈ R such that Ia = 0 and bJ = 0.
We now observe conditions when reduced rings or Noetherian rings have Property (A).
A prime ideal P of R is called completely prime if for a, b ∈ R ab ∈ P implies a ∈ P or b ∈ P .
Note that in reduced rings all minimal prime ideals are completely prime [16, Lemma 12.6]. We
can prove the following lemma by adapting the proof of [12, Theorem 81].
Lemma 1.5. Let R be a reduced ring and I an ideal of R. If I ⊆ P1 ∪ · · · ∪Pn, where P1, . . . ,Pn
are minimal prime ideals of R, then I ⊆ Pi for some i.
Proof. Suppose that I  Pi for every 1  i  n. It then suffices to assume that n > 1 and n is
minimal; that is, for each i, I 
⋃
j =i Pj . Then there exists ai ∈ I \
⋃
j =i Pj for each i. Since
I ⊆⋃ni=1 Pi , each ai ∈ Pi , where i = 1, . . . , n. Since I is an ideal of R, a1 + a2 · · ·an ∈ I and
so a1 + a2 · · ·an ∈⋃ni=1 Pi . Hence a1 + a2 · · ·an ∈ Pj . If j = 1, then a2 · · ·an ∈ P1. Since P1 is
completely prime, ak ∈ P1 for some k > 1, which is a contradiction. If j > 1, then a1 ∈ Pj since
a2 · · ·an ∈ Pj , which is also a contradiction. Therefore I ⊆ Pi for some i. 
Theorem 1.6. If R is a reduced ring with finitely many minimal prime ideals, then R has Prop-
erty (A).
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suppose that a /∈ P for all minimal prime ideals P of R. Then rR(a) ⊆ P and so rR(a) ⊆ P(R).
Since R is reduced, P(R) = 0 and so rR(a) = 0, which is a contradiction. Let I =∑ni=1 RaiR ⊆
Zl(R). Then by hypothesis and the preceding argument, I is contained in the union of finitely
many minimal prime ideals of R. By Lemma 1.5, there exists a minimal prime ideal P of R such
that I ⊆ P . For each ai ∈ I ⊆ P , there exists xi ∈ R \P such that aixi = 0 by [15, Corollary 1.4].
Note that x1 · · ·xn = 0 because P is completely prime by [16, Lemma 12.6]. Since R is reduced
and x1x2 · · ·aixi · · ·xn = 0, aix1 · · ·xn = 0 by [15, Lemma 1.2] and also RaiRx1 · · ·xn = 0 for
each i. Thus Ix1 · · ·xn = 0, and therefore R has right Property (A). By symmetry, R also has left
Property (A). 
Corollary 1.7. Let R be a reduced ring with a.c.c. on right annihilators. Then R has Prop-
erty (A).
Proof. By [3, Lemma 1.16], R has only finitely many minimal prime ideals. Hence this result is
completed. 
We point out here that in a semiprime ring there are multiple characterizations of finitely many
minimal prime ideals [17, Theorem 11.43].
For a commutative ring R, if every prime ideal of R is maximal then R has Property (A)
[9, Corollary 2.12]. However, it is not true in noncommutative ring in general. In Example 1.4,
every prime ideal of the ring R is maximal but R does not have Property (A). A ring R is called
reversible if for r, s ∈ R, rs = 0 implies sr = 0 [23].
Proposition 1.8. Let R be a reversible ring. If every prime ideal of R is maximal, then R has
Property (A).
Proof. Let I =∑ni=1 RaiR ⊆ Zl(R). Then I ⊆ P for some maximal ideal P of R. Note that
P is a minimal prime ideal. If I ⊆ P(R), then I is nilpotent. For, let akii = 0 for some positive
integer ki , where i = 1,2, . . . , n. Since R is reversible, (RaiR)ki = 0 and so I k = 0, where
k =∑ni=1 ki . Let s be the minimal positive integer such that I s = 0. Thus 0 = I s−1 ⊆ rR(I ) =
R(I). Suppose I  P(R). Let R¯ = R/P (R). Note that R¯ is reduced since P(R) is the set
of all nilpotent elements in a reversible ring R. Let I¯ = (I + P(R))/P (R) and P¯ = P/P (R).
Reordering the ai if necessary, let a1, . . . , at /∈ P(R) and ai ∈ P(R) for i > t , where 1 t  n.
Then for each a¯j ∈ I¯ ⊆ P¯ where 1 j  t , there exists x¯j ∈ R¯ \ P¯ such that a¯j x¯j = 0¯ by [15,
Corollary 1.4] because R¯ is reduced and P¯ is minimal prime. Note that x¯1 · · · x¯t = 0¯ because
P¯ is completely prime. Since R¯ is reduced and x¯1 · · · a¯j x¯j · · · x¯t = 0¯, a¯j x¯1 · · · x¯t = 0¯ by [15,
Lemma 1.2] and also R¯a¯j R¯x¯1 · · · x¯t = 0¯ for each 1 j  t . Let b¯ = x¯1 · · · x¯t . Then Ib ⊆ P(R)
and so (Ib)m = 0 for some minimal integer m  1. If m = 1, then Ib = 0 and so we are done.
Suppose that m  2. If b(Ib)m−1 = 0, then we are done. If b(Ib)m−1 = 0, then (Ib)m−1b = 0
because R is reversible. If b(Ib)m−2b = 0, then we are done. Continuing this fashion, we have
Ibm = 0. Since b /∈ P(R), b is not nilpotent since R is reversible, and so bm = 0. Therefore R
has right Property (A). By symmetry, R has also left Property (A). 
Corollary 1.9. If R is a reduced ring whose prime ideals are maximal, then R has Property (A).
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Note that a ring R is quasi-Frobenius if and only if R is right Noetherian and satisfies the double
annihilator conditions: R(rR(I )) = I and rR(R(J )) = J for a left ideal I and a right ideal J
of R. This implies quasi-Frobenius rings are left and right Kasch, and hence they have Prop-
erty (A).
We now note that if a ring R is right self-injective then R(rR(A)) = A for a finitely generated
left ideal A of R. Since a quasi-Frobenius ring is right Noetherian and right self-injective, it is
natural to conjecture that a right self-injective ring has right Property (A). But the following
example erases the possibility, even if R is right self-injective von Neumann regular.
Example 1.10. Let V be a vector space over a field F with countably infinite basis. Let R =
EndF (V ) be the endomorphism ring of V , thinking of V as a right R-module. Then R is a right
self-injective von Neumann regular ring. We now claim that R does not have right Property (A).
We first note that the ideals of R are only {0}, I = {f ∈ R: rank(Imf ) < ∞} and R. If we take
0 = a ∈ I then I = RaR. Since R is von Neumann regular, for each x ∈ I , Rx = Re for some
e2 = e ∈ R. Thus x = xe and hence x(1 − e) = 0. This implies I ⊆ Zl(R). Moreover, xR = fR
for some idempotent f , and so (1 − f )x = 0. This implies I ⊆ Zr(R). But there are no nonzero
elements b, c ∈ R such that Ib = cI = 0. Therefore R does not have Property (A).
A ring R is called biregular if every principal ideal of R is generated by central idempotent
of R [4, p. 89].
Proposition 1.11. If R is a biregular ring then R has Property (A).
Proof. Let I =∑mi=1 RaiR ⊆ Zl(R). By hypothesis, Ra1R = e1R for some central idempo-
tent e1 of R. Note that I = Re1 ⊕ I (1 − e1). Then I (1 − e1) =∑ni=2 Rai(1 − e1)R. Note that
I (1− e1) = Re2 ⊕ I (1− e1)(1− e2) since Ra2(1− e1)R = e2R for some central idempotent e2.
If we continue in this fashion, we have I =⊕ni=1 Rei . Let f =∑ni=1 ei . Then f 2 = f = 1 and
moreover I = Rf . Thus I (1 − f ) = 0, where 1 − f = 0. Therefore R has right Property (A).
Similarly we obtain R has left Property (A). 
From Proposition 1.11, we have the following. Let A and B be right R-modules. A  B
means that A is isomorphic to a submodule of B . A von Neumann regular ring R satisfies general
comparability provided that for any x, y ∈ R, there exists a central idempotent e ∈ R such that
exR  eyR and (1 − e)yR  (1 − e)xR [4, p. 83].
Corollary 1.12. If R satisfies the any of the following conditions (1)–(4), then R has Prop-
erty (A).
(1) R is a strongly regular ring (i.e., reduced von Neumann regular ring).
(2) R is a left weakly regular ring (i.e., Ra = RaRa for any a ∈ R) with (a.c.c.) on right anni-
hilators.
(3) R is a self-injective von Neumann regular ring with polynomial identity.
(4) R is a von Neumann regular ring with general comparability and every prime ideal of R is
maximal.
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(4) follows from [4, Corollary 8.24]. 
Example 1.10 shows that the condition “polynomial identity” in Corollary 1.12(3) is essential.
Moreover, Example 1.13 shows that the condition “R is self-injective” is essential in Corol-
lary 1.12(3).
Example 1.13. Let F be a field. Set Fn = F for n = 1,2, . . . , let K =⊕∞i=1 Fi and let S =〈⊕∞i=1 Fi, 〈1〉〉 be the F -subalgebra of ∏∞i=1 Fi generated by ⊕∞i=1 Fi and 〈1〉, where 〈1〉 is the
identity of
∏∞
i=1 Fi . Consider the ring R =
(
S K
K S
)
. Then R is a von Neumann regular ring [4,
Example 1.8] with polynomial identity and note that R is not a prime ring. For, let
a =
( 〈1,0,0, . . .〉 〈0〉
〈0〉 〈0〉
)
and b =
( 〈0,1,0, . . .〉 〈0〉
〈0〉 〈0〉
)
.
We have a, b = 0 but aRb = O , where O is the zero matrix in R.
We now claim that R does not have right Property (A). Let α = ( 〈1〉 〈0〉〈0〉 〈0〉 ) ∈ R. Note that
RαR = ( S K
K K
)
. Let β = ( 〈ai 〉 〈bi 〉〈ci 〉 〈di 〉 ) be a nonzero element in RαR. Then 〈bi〉, 〈ci〉, 〈di〉 ∈ K and
so there exists a positive integer t  1 such that bj = cj = dj = 0 for all j  t . Let γ =
( 〈0〉 〈0〉
〈0〉 〈ej 〉
)
,
where ej = 〈0, . . . ,0,1,0, . . .〉 with j th entry 1 and j > t . Then βγ = O = γβ and so RαR ⊆
Zl(R). Suppose (RαR)δ = O for some nonzero δ ∈ R. Let δ =
( 〈xi 〉 〈yi 〉〈zi 〉 〈wi 〉 ) ∈ R. Then
(RαR)δ =
(
S K
K K
)( 〈xi〉 〈yi〉
〈zi〉 〈wi〉
)
= O.
Since
( 〈1〉 〈0〉
〈0〉 〈0〉
) ∈ RαR,
( 〈1〉 〈0〉
〈0〉 〈0〉
)( 〈xi〉 〈yi〉
〈zi〉 〈wi〉
)
=
( 〈xi〉 〈yi〉
〈0〉 〈0〉
)
= O.
So 〈xi〉 = 〈yi〉 = 〈0〉. Since 〈zi〉 ∈ K , there exists a positive integer tz  1 such that zi = 0
for all i  tz. Now 〈wi〉 ∈ S, so 〈wi〉 = 〈w1, . . . ,wn,w,w, . . .〉 for some positive integer
n  1. Let 〈ui〉 = 〈0, . . . ,0,1,0, . . .〉 with (n + 1)th entry 1. Then
( 〈0〉 〈0〉
〈0〉 〈ui 〉
) ∈ RαR and so( 〈0〉 〈0〉
〈0〉 〈ui 〉
)( 〈0〉 〈0〉
〈zi 〉 〈wi 〉
) = O . Hence w = 0. Now, take m = max{tz, n}. Let ( 〈0〉 〈0〉〈0〉 〈vi 〉 ) ∈ RαR, where〈vi〉 = 〈1, . . . ,1,0,0, . . .〉 with vi = 0 for all i m+ 1. Then
( 〈0〉 〈0〉
〈0〉 〈vi〉
)( 〈0〉 〈0〉
〈zi〉 〈wi〉
)
=
( 〈0〉 〈0〉
〈zi〉 〈wi〉
)
= O.
So 〈zi〉 = 〈wi〉 = 〈0〉 and hence δ = O , which is a contradiction. Therefore R does not have
right Property (A). Moreover, we note that the ideal RαR of R cannot be generated by a central
idempotent. Thus R is not biregular, and so not self-injective by [1, Corollary 3.2].
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In this section we study the extensions of rings with Property (A) which provide several ex-
amples of rings with Property (A). We first observe the matrix ring over rings with Property (A).
Theorem 2.1. If a ring R has right Property (A), then the full matrix ring Mn(R) over R has
right Property (A) for any n 1.
Proof. Suppose that R has right Property (A). Let eij denote the usual matrix units. Fix matrices
Ak ∈ Mn(R) and suppose
X =
m∑
k=1
Mn(R)AkMn(R) ⊆ Zl
(
Mn(R)
)
.
Write the (i, j)th entry of Ak as akij . We show that J =
∑
i,j,k Ra
k
ijR ⊆ Zl(R). Fix a ∈ J , and
write a =∑st=1 rtaktij st for some rt , st ∈ R, for 1 t  s. Define the matrix
A =
s∑
t=1
n∑
d=1
rt ediAkt ejdst .
Then A ∈ X ⊆ Zl(Mn(R)). Computing, we find
A =
n∑
d=1
s∑
t=1
rt edia
kt
ij eij ejdst =
n∑
d=1
edd
s∑
t=1
rta
kt
ij st = aIn
where In is the identity matrix. Then aIn = A ∈ Zl(Mn(R)) implies a ∈ Zl(R). Therefore J ⊆
Zl(R). Since R has right Property (A), Ju = 0 for some nonzero u ∈ R. Note that X(uIn) = O .
Therefore Mn(R) has right Property (A). 
The following example shows that Property (A) does not pass to corner rings.
Example 2.2. There exists a ring with right Property (A) such that eRe does not have right
Property (A) for some idempotent e2 = e ∈ R.
Let F be a field and
R =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
⎛
⎜⎜⎜⎜⎜⎝
a x 0 0 0 0
0 b 0 0 0 0
0 0 c y 0 0
0 0 0 a 0 0
0 0 0 0 b z
0 0 0 0 0 c
⎞
⎟⎟⎟⎟⎟⎠ : a, b, c, x, y, z ∈ F
⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
.
Then R is a quasi-Frobenius ring by [14, Example 9] and so R has Property (A) by Corollary 1.9
below. Now let e = e11 + e22 + e44 + e55 ∈ R, where eij s are the matrix units. Then e2 = e and
eRe ∼= ( F F0 F ). By Example 1.4, eRe does not have Property (A).
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e ∈ R. A ring R is called quasi-Baer if for any ideal I of R, rR(I ) = eR for some e2 = e ∈ R.
We may ask when Baer or quasi-Baer rings have Property (A). The ring in Example 1.4 is Baer,
and so quasi-Baer, which does not have Property (A). Also, rings with right Property (A) are not
Baer in general. For example, the polynomial ring Z[x] over the ring of integers Z is Baer and
has Property (A). By Theorem 2.1, M2(Z[x]) has right Property (A), but it is well known that
M2(Z[x]) is not Baer.
From Theorem 2.1 and Example 1.4, we also note that the subring of rings with right Prop-
erty (A) needs not to have right Property (A). However we have the following. Let
Rn =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
⎛
⎜⎜⎜⎜⎝
a a12 a13 · · · a1n
0 a a23 · · · a2n
0 0 a · · · a3n
...
...
...
. . .
...
0 0 0 · · · a
⎞
⎟⎟⎟⎟⎠ : a, aij ∈ R
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
, where n ( 1) is a positive integer.
Theorem 2.3. Fix n  1. A ring R has right Property (A) if and only if the ring Rn has right
Property (A).
Proof. It suffices to show the case n = 2 because the other cases can be proved by the same
method. Suppose that R has right Property (A). Let Ai =
(
ai bi
0 ai
)
and X = ∑mi=1 R2AiR2 ⊆
Zl(R2). For each i and for any rij , sij ∈ R,
ki∑
j=1
(
rij 0
0 rij
)(
ai bi
0 ai
)(
sij 0
0 sij
)
=
(∑ki
j=1 rij aisij
∑ki
j=1 rij bisij
0
∑ki
j=1 rij aisij
)
∈ R2AiR2.
Let Xi =∑kij=1 rij aisij and Yi =∑kij=1 rij bisij . Then
X′ =
(∑m
i=1 Xi
∑m
i=1 Yi
0
∑m
i=1 Xi
)
∈ X ⊆ Zl(R2).
Thus there exists a nonzero
(
a b
0 a
)
such that X′
(
a b
0 a
)= O . This implies that Y =∑mi=1 RaiR ⊆
Zl(R). Since R has right Property (A), Yu = 0 for some nonzero u ∈ R. Notice that X
( 0 u
0 0
)= O .
Therefore R2 has right Property (A).
Conversely, let X0 =∑mi=1 RaiR ⊆ Zl(R). If we set X =∑mi=1 R2AiR2 where Ai = ( ai 00 ai ),
then
X =
{(
b c
0 b
)
: b, c ∈ X0
}
.
Let A = ( b c0 b ) be a nonzero element in X. Assume b = 0. Since b ∈ X0, there exists nonzero
u ∈ R such that bu = 0. Then A( 0 u0 0 ) = O . Thus A ∈ Zl(R2). Assume b = 0 and c = 0. Since
c ∈ X0, there exists nonzero v ∈ R such that cv = 0. Then A
(
v 0
0 v
)= O . Thus A ∈ Zl(R2), and
hence X ⊆ Zl(R2). Since R2 has right Property (A), there exists a nonzero B =
(
α β
) ∈ R2 such0 α
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(
b c
0 b
)(
α β
0 α
)= O since ( b c0 b ) ∈ X. Thus bα = 0 and
hence X0α = 0. If α = 0 and β = 0, then
(
b c
0 b
)( 0 β
0 0
) = O . Thus bβ = 0 and hence X0β = 0.
Therefore R has right Property (A). 
Given a ring R and a (R,R)-bimodule M , the trivial extension of R by M is the ring
T (R,M) = R ⊕M with the usual addition and the following multiplication:
(r1,m1)(r2,m2) = (r1r2, r1m2 +m1r2).
This is isomorphic to the ring of all matrices
(
r m
0 r
)
, where r ∈ R and m ∈ M and the usual matrix
operations are used.
By Theorem 2.3, a ring R has right Property (A) if and only if the trivial extension T (R,R)
of R has right Property (A). But for a ring R with right Property (A) and a (R,R)-bimodule M ,
the trivial extension T (R,M) of R by M does not have right Property (A) in general.
Example 2.4. We refer an example in [12, p. 63]. Let F be a field and let R = F [x, y] the
polynomial ring over F with commuting indeterminates x and y. Let A =⊕p R/(p), where p
ranges over the primes of R and (p) is the principal ideal of R generated by p. Consider the
trivial extension of R by A
T = T (R,A) =
{(
r 〈a¯p〉
0 r
)
: r ∈ R and 〈a¯p〉 ∈ A
}
,
where a¯p = ap + (p). Note that x and y are primes in R. Let I = (x, y) be the ideal of R
generated by x and y. Then I = R and note that
I ⊆ R(A) = {r ∈ R: rc = 0 for some c ∈ A}.
For, let 0 = α ∈ I . Then α = c1x + c2y = p1p2 · · ·pn because R is a UFD. Thus α〈. . . , 0¯,1 +
(p1), . . . ,1 + (pn), 0¯, . . .〉 = 〈0¯〉, and hence α ∈ R(A).
Let
J = IT =
{∑
finite
(
α 〈0¯〉
0 α
)(
r 〈a¯p〉
0 r
)
: α ∈ I, r ∈ R and 〈a¯p〉 ∈ A
}
=
{∑
finite
(
αr α〈a¯p〉
0 αr
)
: α ∈ I, r ∈ R and 〈a¯p〉 ∈ A
}
.
Then J is a finitely generated ideal and J ⊆ Zl(T ). For, let
( γ 〈c¯p〉
0 γ
) ∈ J . Then γ ∈ I ⊆ R(A).
If γ = 0, then γ 〈d¯p〉 = 〈0¯〉 for some nonzero 〈d¯p〉 ∈ A. Thus
( γ 〈c¯p〉
0 γ
)( 0 〈d¯p〉
0 0
) = O, where O
denotes the zero element of T . If γ = 0, then ( γ 〈c¯p〉0 γ )( 0 〈1¯〉0 0 ) = O , and therefore J ⊆ Zl(T ).
We now show that rT (J ) = O . If
(
β 〈b¯p〉
0 β
) ∈ rT (J ), then ( x x〈a¯p〉0 x )( β 〈b¯p〉0 β ) = O . So xβ = 0
and x〈b¯p〉 + x〈a¯p〉β = 〈0¯〉. Thus we have β = 0 and hence x〈b¯p〉 = 〈0¯〉. This implies that
xbp ∈ (p) for each p. If x = p, then bp ∈ (p) and so 〈b¯p〉 = 〈. . . , 0¯, bx + (x), 0¯, . . .〉. Also( y y〈a¯p〉 )( 0 〈b¯p〉 ) = ( 0 〈0¯〉 ). So 〈0¯〉 = y〈b¯p〉 = y〈. . . , 0¯, bx + (x), 0¯, . . .〉, and hence ybx ∈ (x).0 y 0 0 0 0
C.Y. Hong et al. / Journal of Algebra 315 (2007) 612–628 621Since y /∈ (x), we have bx ∈ (x) and so 〈b¯p〉 = 〈0¯〉. Hence
(
β 〈b¯p〉
0 β
) = O , and therefore T does
not have Property (A).
Let
Vn(R) =
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
⎛
⎜⎜⎜⎜⎜⎜⎝
a1 a2 a3 a4 · · · an
0 a1 a2 a3 · · · an−1
0 0 a1 a2 · · · an−2
...
...
...
...
. . .
...
0 0 0 0 · · · a2
0 0 0 0 · · · a1
⎞
⎟⎟⎟⎟⎟⎟⎠
: a1, a2, . . . , an ∈ R
⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
,
where n( 1) is a positive integer. The ring Vn is a subring of Rn, and by the same method of
proof as in Theorem 2.3 we have:
Proposition 2.5. Fix n  1. A ring R has right Property (A) if and only if Vn(R) has right
Property (A).
Following [18], let RA = {rA: r ∈ R} for any A ∈ Mn(R), and for n  0 let V =∑n−1
i=1 ei(i+1), where the eij s are the matrix units. Then note that for any integer n 1,
Vn(R) = RIn +RV + · · · +RV n−1.
Define ρ :Vn(R) → R[x]/(xn) by ρ(a0In + a1V + · · · + an−1V n−1) =∑n−1i=0 aixi + (xn). Then
ρ is a ring isomorphism. So we have the following.
Corollary 2.6. Fix n  1. A ring R has right Property (A) if and only if R[x]/(xn) has right
Property (A).
We now consider the polynomial rings with right Property (A). Huckaba and Keller [10, The-
orem 1] proved that if R is a commutative nontrivial graded ring then R has Property (A). As a
corollary, the polynomial ring R[x] over any commutative ring R has Property (A). However it
is not true for a noncommutative ring even if it is a semiprime ring with polynomial identity as
follows.
Example 2.7. Let Z2 be the ring of integers modulo 2. Consider the ring
R =
{
〈ai〉: ai ∈ M2(Z2), ai is eventually in
(
Z2 Z2
0 Z2
)}
.
Then R is a semiprime ring with polynomial identity. Now we consider the polynomial ring R[x]
over the ring R. Note that
R[x] =
{
〈fi〉: fi ∈ M2
(
Z2[x]
)
, fi is eventually in
(
Z2[x] Z2[x]
0 Z [x]
)}
.
2
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R[x]αR[x] =
{
〈fi〉: fi ∈ M2
(
Z2[x]
)
, fi is eventually in
(
0 Z2[x]
0 0
)}
.
Given 〈fi〉 ∈ R[x]αR[x], there exists a positive integer n  1 such that fi ∈
( 0 Z2[x]
0 0
)
for
any i  n. Consider 〈gi〉 ∈ R[x], where g1 = · · · = gn = O , gk =
( 0 1
0 0
)
for all k  n + 1.
Then 〈fi〉〈gi〉 = 〈O〉, where 〈O〉 is the zero element of R[x]. Thus 〈fi〉 ∈ Zl(R[x]) and
hence R[x]αR[x] ⊆ Zl(R[x]). We claim that there does not exist nonzero h ∈ R[x] such
that (R[x]αR[x])h = 〈O〉. Suppose (R[x]αR[x])h = 〈O〉 for some nonzero h ∈ R[x]. Let
h = 〈hk〉 ∈ R[x]. Then there exists a positive integer t  1 such that hk ∈
(
Z2[x] Z2[x]
0 Z2[x]
)
for any
k  t . Put Ei = 〈O, . . . ,O, ei,O, . . .〉, where ei =
( 1 0
0 1
)
. For each i  1, Ei ∈ R[x]αR[x] and
Eih = 〈O, . . . ,O,hi,O, . . .〉 = 〈O〉. So hi = O and hence h = 0, which is a contradiction.
Therefore R[x] does not have right Property (A). Moreover it does not have left Property (A) by
a similar method.
By the same method as above, R does not have Property (A).
From the preceding example, it is natural to raise the following question.
Question 1.
(1) If R is a right duo ring, then does the polynomial ring R[x] have right Property (A)?
(2) If a ring R has right Property (A), then does the polynomial ring R[x] have right Prop-
erty (A)?
Remark 2. There exists a ring R which does not have Property (A) whose the polynomial ring
R[x] has Property (A). For, the polynomial ring R[x] over any commutative ring R has Prop-
erty (A) [10, Theorem 1] and there is a commutative ring R which does not have Property (A).
Lemma 2.8. For a ring R, R[x] has right Property (A) if and only if whenever f (x)R[x] ⊆
Zl(R[x]), rR[x](f (x)R[x]) = 0.
Proof. Let I = ∑ki=1 R[x]fi(x)R[x] ⊆ Zl(R[x]), where fi(x) = ai0 + ai1x + · · · + aini xni .
Then g(x) = ∑ki=1 fi(x)xn1+···+ni−1+1 ∈ I , where n0 = 0. Thus g(x)R[x] ⊆ I . By hypothe-
sis, rR[x](g(x)R[x]) = rR[x](R[x]g(x)R[x]) = 0. By the main theorem of [22] (or [7, Theo-
rem 2.2]), rR[x](R[x]g(x)R[x]) ∩R = 0. Hence (R[x]g(x)R[x])r = 0 for some nonzero r ∈ R.
Since Rg(x)R ⊆ R[x]g(x)R[x] and fi(x) = ai0 + ai1x + · · · + aini xni , (Raij R)r = 0. Thus
Ir = (∑ki=1 R[x]fi(x)R[x])r = 0. Therefore R[x] has right Property (A). The converse is
clear. 
We now observe rings whose polynomial rings have Property (A). A ring R is called semi-
commutative if for a, b ∈ R, ab = 0 implies aRb = 0. Reduced rings and reversible rings are
semicommutative rings but the converse is not true in each case. It is well known that a ring R is
reduced if and only if R[x] is reduced. But by [11, Example 2], there exists a semicommutative
ring whose polynomial rings are not semicommutative. Recently Nielsen [23] defined the follow-
ing: a ring R is right McCoy when the equation f (x)g(x) = 0 over R[x], where f (x), g(x) = 0,
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McCoy rings are the left and right McCoy rings. It is well known that commutative rings are
always McCoy rings [21, Theorem 2], and moreover it is not true for noncommutative rings [27].
Nielsen [23, Theorem 2] proved that if R is a reversible ring then R is right McCoy ring. But
there exists a semicommutative ring which is not right McCoy [23, Claims 6 and 7]. Following
Rege and Chhawchharia [25], a ring R is called Armendariz if aibj = 0 for all i and j whenever
polynomials f (x) =∑mi=0 aixi and g(x) =∑nj=0 bjxj in R[x] satisfy f (x)g(x) = 0 (for more
detail, see [13]).
Proposition 2.9. Let R be a right McCoy ring. If R has right Property (A), then the polynomial
ring R[x] has right Property (A).
Proof. Let f (x) =∑ki=0 aixi ∈ R[x] be such that X = R[x]f (x)R[x] ⊆ Zl(R[x]). Set the ideal
I =∑ki=0 RaiR. Fix 0 = a =∑Nj=0 rj aij sj ∈ I where aij ∈ {a0, a1, . . . , ak} and rj , sj ∈ R, for
each j . Set g(x) =∑Nj=0 rjf (x)sj xj (k+1), which has coefficients consisting of rj aij sj for every
j ; say they occur in degrees l0, l1, . . . , lN . We multiply g(x) on the right by h(x) =∑Nj=0 xlN−lj
and then the degree lN coefficient of g(x)h(x) is exactly a. But g(x)h(x) ∈ X ⊆ Zl(R[x]), and is
nonzero, so is annihilated on the right by some 0 = r ∈ R since R is right McCoy. Hence ar = 0.
Since a was arbitrary, I ⊆ Zl(R). Since R has right Property (A), there exists nonzero u ∈ R
such that Iu = 0. Note that Xu = 0. By Lemma 2.8, R[x] has right Property (A). 
Remark 3.
(1) Armendariz rings are McCoy rings. For an Armendariz ring with right Property (A), R[x]
has right Property (A). In general, McCoy rings need not be Armendariz. For example, there
exists a commutative ring which is not Armendariz [25].
(2) Rings with right Property (A) are, in general, neither right McCoy nor Armendariz. For
example, let Z4 be the ring of integers modulo 4. Then M2(Z4) has Property (A) by Theo-
rem 2.1. But it is not right McCoy by [27] and moreover it is not Armendariz.
(3) Right McCoy rings do not have Property (A) in general. Also Armendariz rings do not have
Property (A) in general. For example, there exists a reduced ring which does not have Prop-
erty (A).
Proposition 2.10. If R is a semicommutative and right McCoy ring then R[x] has right Prop-
erty (A).
Proof. Let X = f (x)R[x] ⊆ Zl(R[x]), where f (x) = a0+a1x+· · ·+akxk . Then f (x)h(x) = 0
for some nonzero h(x) ∈ R[x]. Since R is right McCoy, there exists nonzero c ∈ R such
that f (x)c = 0. This implies aic = 0 for all i, and then semicommutativity implies aiRc = 0
for all i. But this clearly implies f (x)R[x]c = 0. Therefore R[x] has right Property (A) by
Lemma 2.8. 
Corollary 2.11. If R is a reversible ring then R[x] has Property (A).
Corollary 2.12. For a ring R, if R[x] is semicommutative, then R[x] has Property (A).
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by the main theorem of [22], R is McCoy. Therefore R[x] has Property (A). 
In Example 2.7, the polynomial ring R[x] is not semicommutative. So the condition in Corol-
lary 2.12 is essential.
Corollary 2.13. For any commutative or reduced ring R, R[x] has Property (A).
Proposition 2.14. Let R be a ring and Δ a multiplicatively closed subset of R consisting of cen-
tral regular elements. Then R has right Property (A) if and only if Δ−1R has right Property (A).
Proof. Suppose that R has right Property (A). Let S = Δ−1R and X a finitely generated ideal in
Zl(S). Then we may assume that X =∑ni=1 Saib−1S ⊆ Zl(S). Set
Y =
n∑
i=1
RaiR ⊆ X ⊆ Zl(S).
Thus, given an element y ∈ Y there exists a nonzero cd−1 ∈ S with ycd−1 = 0, hence yc = 0.
Therefore Y ⊆ Zl(R). Since R has right Property (A), there exists a nonzero u ∈ R such that
Yu = 0. Then note that Xu = 0. Therefore S has right Property (A).
Conversely, suppose that S has right Property (A). Let ∑ni=1 RaiR ⊆ Zl(R). Then note that
X =∑ni=1 SaiS ⊆ Zl(S). Since S has right Property (A), there exists nonzero ab−1 ∈ S such
that Xab−1 = 0. Note that (∑ni=1 RaiR)a = 0. Therefore R has right Property (A). 
The ring of Laurent polynomials in x, coefficients in a ring R, consists of all formal sums∑n
i=k mixi with obvious addition and multiplication, where mi ∈ R and k,n are (possibly nega-
tive) integers; denote it by R[x;x−1].
Corollary 2.15. For a ring R, the following statements are equivalent:
(1) R[x] has right Property (A);
(2) R[x;x−1] has right Property (A).
Proof. Let Δ = {1, x, x2, . . .}. Then Δ is a multiplicatively closed subset of R[x] consisting of
central regular elements. Note that R[x;x−1] = Δ−1R[x]. Thus, by Proposition 2.14, R[x] has
right Property (A) if and only if R[x;x−1] has right Property (A). 
We consider the ring R in Example 2.7. By the same method, we can check that the power
series ring Rx over R does not have Property (A). Thus we may raise the following questions.
Question 2.
(1) Does the power series ring Rx over a commutative ring R have Property (A)?
(2) If a ring R has right Property (A), then does the power series ring Rx over R have right
Property (A)?
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erty (A) also has right Property (A).
Proposition 2.16. Let R be a reduced ring. If R has right Property (A), then the classical right
quotient ring Qr(R) of R has right Property (A).
Proof. Let Q = Qr(R) and J =∑ni=1 QaiQ ⊆ Zl(Q), where we may assume after scaling on
the right, that ai ∈ R. Let I =∑ni=1 RaiR. Then I ⊆ J ⊆ Zl(Q). Thus for each a ∈ I there
exists nonzero st−1 ∈ Q such that ast−1 = 0. Thus as = 0 and so I ⊆ Zl(R). Since R has right
Property (A), there exists nonzero c ∈ R such that Ic = 0. Since R is a reduced ring, Q is also
reduced by [13, Theorem 16]. Now aic = 0 and so QaiQc = 0 for each i. Hence Jc = 0 and
therefore Q has right Property (A). 
Remark 4. Let R be a reduced ring with the classical quotient ring Q = Q(R) (i.e., R is a two-
sided order in Q). Then R has right Property (A) if and only if Q has right Property (A). For,
let I =∑ni=1 RaiR ⊆ Zl(R). Suppose J =∑ni=1 QaiQ  Zl(Q). Then J contains a regular
element and so J = Q. Thus 1 =∑piaiqi , where pi, qi ∈ Q and i is finite. Let pi = cid−1
and qi = ris−1 with common denominator d, s, where d, s are regular elements in R, and
moreover cid
−1 = v−1ui for a regular element v because R is a two-sided order in Q. Then
vs =∑ni=1 uiairi ∈ I , which is a contradiction to I ⊆ Zl(R). Hence J ⊆ Zl(Q). By hypothesis,
there exists a nonzero x = st−1 ∈ Q such that Jx = 0. Note that Ix ⊆ Jx = 0. Therefore R has
right Property (A).
Proposition 2.17. If R is a semiprime right Goldie ring, then the classical right quotient ring
Qr(R) of R has Property (A).
Proof. Suppose that R is semiprime right Goldie. Then by the Goldie Theorem, Qr(R) is semi-
simple Artinian. Thus Qr(R) has Property (A). 
3. Compactness of Min(R)
For a ring R, Spec(R) (Min(R)) denotes the set of all (minimal) prime ideals of R. For any
subset A of R, define supp(A) = {P ∈ Spec(R): A  P } and hull(A) = Spec(R) \ supp(A). In
case A = {a}, we write supp(a) and hull(a). Shin [26, Lemma 3.1] proved that for any ring R,
{supp(a): a ∈ R} forms a basis (for open sets) on Spec(R). This topology is called the hull–
kernel topology. Then Min(R) is regarded as a subspace of Spec(R). Let T = Qrmax(R) be a right
maximal quotient ring of a ring R. We shall use the notation: S(a) = {M ∈ Spec(T ): a /∈ M},
H(a) = Spec(T ) \ S(a) for each a ∈ T . Moreover, we shall use s(a) = supp(a) ∩ Min(R) and
h(a) = Min(R) \ s(a) for each a ∈ R.
For a commutative reduced ring R, the total quotient ring T of R is von Neumann regular
if and only if R has Property (A) and Min(R) is compact [10, Theorem B]. We now observe a
similar result in noncommutative rings.
Lemma 3.1. Let I be a finitely generated ideal of a reduced ring R. Then I is contained in a
minimal prime ideal of R if and only if rR(I ) = 0.
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ideal P of R. Then there exists x ∈ X such that xB = 0 by [15, Lemma 1.3] because B ⊆ P ,
where X = R \P and B = {a1, . . . , an}. Since R is reduced, we get BRx = 0 and hence Ix = 0,
concluding rR(I ) = 0. Conversely, suppose that rR(I ) = 0 and I is not contained in any min-
imal prime ideal of R. Then rR(I ) ⊆ P(R) since IrR(I ) = 0. Since R is reduced, P(R) = 0,
a contradiction. 
Lemma 3.2. Suppose a ring R has a right maximal quotient ring T which is reduced. Then the
following statements are equivalent:
(1) Min(R) is compact.
(2) Min(R) = {M ∩R: M ∈ Spec(T )}.
(3) For each a ∈ R, S(J ) = Spec(T ) \ S(a) for a finitely generated ideal J of R.
(4) For each a ∈ R, there exists a finitely generated ideal J of R such that J ⊆ rR(a) and
rR((J, a)) = 0, where (J, a) is the ideal of R generated by J and a.
Proof. Note that Spec(T ) is a compact T1-space. For, since T is reduced, T is von Neumann
regular (see [26, Remarks 4.18(b)]), and so it is strongly regular. Thus Spec(T ) is a compact
T1-space by [26, Proposition 4.3 and Lemma 3.2]. Therefore (1) ⇔ (2) ⇔ (3) by [26, Theo-
rem 4.13].
(1) ⇒ (4). By [15, Corollary 1.4], (rR(a), a)  P for any minimal prime ideal P of R. Thus
Min(R) = s(a)∪
(⋃{
s(bi): bi ∈ rR(a)
})
.
Since Min(R) is compact, Min(R) = s(a)∪ s(b1)∪ · · · ∪ s(bn) for some b1, . . . , bn ∈ rR(a). Let
J = (b1, . . . , bn) and P ∈ Min(R). Then note that (J, a)  P . If c ∈ rR((J, a)), then (J, a)c =
0 ∈ P and so c ∈ P(R) = 0 because R is reduced. Therefore rR((J, a)) = 0.
(4) ⇒ (3). It suffices to show that if J is the finitely generated ideal of the hypothesis, then
S(J ) = Spec(T ) \ S(a). Suppose M ∈ Spec(T ) \ S(a). Then a ∈ M ∩ R. But (J, a) is dense in
R implies (J, a) is dense in T and so rT ((J, a)) = 0. This implies that (J, a) is not contained in
any minimal prime ideal of T . Thus (J, a)  M and so (J, a)  M ∩R. Hence J  M ∩R and
so Spec(T ) \ S(a) ⊆ S(J ). Now take M ∈ S(J ). Then J  M ∩ R. Since aJ = 0, a ∈ M ∩ R.
Therefore M ∈ Spec(T ) \ S(a). 
Theorem 3.3. Suppose a ring R has a right maximal quotient ring which is reduced. If R has the
two-sided classical quotient ring Q = Q(R), then the following statements are equivalent:
(1) Q is a biregular ring;
(2) R has Property (A) and Min(R) is compact.
Proof. (1) ⇒ (2). Assume that Q is biregular. Then Q has Property (A) by Proposition 1.11.
By Remark 4, R has Property (A). We next show that Min(R) is compact. Since every prime
ideal of Q is maximal, Min(Q) = Spec(Q). Let Y = {M ∩ R: M ∈ Spec(R)}. Then we claim
that Min(R) = Y . By [26, Lemma 4.12], for each P ∈ Min(R) there exists M ∈ Min(Q) such
that M ∩ R ⊆ P . Since P is minimal and M ∩ R = 0, M ∩ R = P . So Min(R) ⊆ Y . Now, let
M ∩ R ∈ Y . In fact, M ∩ R is a minimal prime ideal of R. Let P ⊆ M ∩ R be a minimal prime
ideal of R. Given a ∈ M ∩ R ⊂ M , since M is a minimal prime of Q and Q is reduced, there
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have b /∈ P . But P is completely prime, so a ∈ P . Since a is arbitrary, M ∩ R ⊆ P . Therefore
Min(R) = Y . Now we define a map f : Spec(Q) → Spec(R) by f (M) = M ∩R. Note that f is
continuous and Min(R) is a continuous image of Spec(Q). Since Spec(Q) is compact, Min(R)
is compact.
For the case (2) ⇒ (1), we need Remark 4, Lemma 3.2 and [9, Theorem 4.5]. So we omit the
proof because the proof in [9, Theorem 4.5] needs only minor modifications to apply to our case
by using Lemma 3.2. 
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